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Constraint Logic Programming over Rationals or Reals

Introduction

The clp�Q�R� system described in this document is an instance of the general Constraint Logic

Programming scheme introduced by 
Ja�ar � Michaylov ����

The implementation is at least as complete as other existing clp�R� implementations� It solves

linear equations over rational or real valued variables� covers the lazy treatment of nonlinear equa�

tions� features a decision algorithm for linear inequalities that detects implied equations� removes

redundancies� performs projections �quanti�er elimination�� allows for linear dis�equations� and

provides for linear optimization�

The full clp�Q�R� distribution� including a stand�alone manual and an examples directory that

is possibly more up to date than the version in the SICStus Prolog distribution� is available from�

http���www�ai�univie�ac�at�clpqr��

Referencing this Software

When referring to this implementation of clp�Q�R� in publications� you should use the following

reference�

Holzbaur C�� OFAI clp�q�r� Manual� Edition ������ Austrian Research Institute for
Arti�cial Intelligence� Vienna� TR������� �����
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Solver Interface

Until rational numbers become �rst class citizens in SICStus Prolog� rational arithmetics has to

be emulated� Because of the emulation it is too expensive to support arithmetics with automatic

coercion between all sorts of numbers� like you �nd it in CommonLisp� for example�

You must choose whether you want to operate in the �eld of Q �Rationals� or R �Reals��

� �� use�module�library�clpq		�

or

� �� use�module�library�clpr		�

Notational Conventions

Throughout this chapter� the prompts clp�q	 �� and clp�r	 �� are used to di�erentiate be�

tween clp�Q� and clp�R� in exemplary interactions�

In general there are many ways to express the same linear relationship� This degree of freedom

is manifest in the fact that the printed manual and an actual interaction with the current version

of clp�Q�R� may show syntactically di�erent answer constraints� despite the fact the same semantic

relationship is being expressed� There are means to control the presentation� see 
Variable Or�

dering�� page �	� The approximative nature of �oating point numbers may also produce numerical

di�erences between the text in this manual and the actual results of clp�R�� for a given edition of

the software�

Solver Predicates

The solver interface for both Q and R consists of the following predicates which are exported

from module�linear	�


�Constraint�

Constraint is a term accepted by the the grammar below� The corresponding constraint

is added to the current constraint store and checked for satis�ability� If you want to

overload 
��
 with other solvers� you can avoid its importation via� use�module�clpq�

��	�

Constraint ��� C
� C � C conjunction
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C ��� Expr ��� Expr equation
� Expr � Expr equation
� Expr � Expr strict inequation
� Expr � Expr strict inequation
� Expr �� Expr nonstrict inequation
� Expr �� Expr nonstrict inequation
� Expr ��� Expr disequation

Expr ��� variable Prolog variable
� number �oating point or integer
� � Expr unary plus
� � Expr unary minus
� Expr � Expr addition
� Expr � Expr subtraction
� Expr � Expr multiplication
� Expr � Expr division
� abs�Expr� absolute value
� sin�Expr� trigonometric sine
� cos�Expr� trigonometric cosine
� tan�Expr� trigonometric tangent
� pow�Expr�Expr� raise to the power
� exp�Expr�Expr� raise to the power
� min�Expr�Expr� minimum of the two arguments
� max�Expr�Expr� maximum of the two arguments
� ��Const� symbolic numerical constants

Conjunctive constraints 
C�C� have been made part of the syntax in order to en�

able grouped submission of constraints� which could be exploited by future versions of

this software� Symbolic numerical constants are provided for compatibility only� see


Monash Examples�� page ���

entailed��Constraint	

Succeeds i� the linear Constraint is entailed by the current constraint store� This

predicate does not change the state of the constraint store�

clp�q	 �� 
A �� ��� entailed�A����	�


A����
yes

clp�q	 �� 
A �� ��� entailed�A����	�

no

inf��Expr� �Inf 	

Computes the in�mum of the linear expression Expr and uni�es it with Inf� Failure

indicates unboundedness�

sup��Expr� �Sup	

Computes the supremum of the linear expression Expr and uni�es it with Sup� Failure

indicates unboundedness�

clp�q	 �� 
 ��X�Y �� 
�� X���Y �� 

�
X���Y �� 
�� Z � ���X����Y

�� sup�Z� Sup	�

Sup � �
��

Z����X����Y��

X�
���Y�����
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X���Y��
���

X���Y��

�

minimize��Expr	

Computes the in�mum of the linear expression Expr and equates it with the expression�

i�e� as if de�ned as�

minimize�Expr	 �� inf�Expr� Expr	�

maximize��Expr	

Computes the supremum of the linear expression Expr and equates it with the expres�

sion�

clp�q	 �� 
 ��X�Y �� 
�� X���Y �� 

�
X���Y �� 
�� Z � ���X����Y

�� maximize�Z	�

X � ��
Y � ��
Z � �
�

bb�inf��Ints� �Expr� �Inf 	

Computes the in�mum of the linear expression Expr under the additional constraint

that all of variables in the list Ints assume integral values at the in�mum� This allows

for the solution of mixed integer linear optimization problems� see 
MIP�� page 	��

ordering��Spec	

Provides a means to control one aspect of the presentation of the answer constraints�

see 
Variable Ordering�� page �	�

Uni�cation

Equality constraints are added to the store implicitly each time variables that have been men�

tioned in explicit constraints are bound � either to another such variable or to a number�

clp�r	 �� 
��A���B�C���� C�
���� A�B�

A � 
���
B � 
���
C � 
���

Is equivalent modulo rounding errors to

clp�r	 �� 
��A���B�C��� C�
�� A�B��

A � 
���
B � �������������������
C � 
���

The shortcut bypassing the use of 
��
 is allowed and makes sense because the interpretation of

this equality in Prolog and clp�R� coincides� In general� equations involving interpreted functors�

��� in this case� must be fed to the solver explicitly�
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clp�r	 �� X�����
��� X�����

no

Further� variables known by clp�R� may be bound directly to �oats only� Likewise� variables known

by clp�Q� may be bound directly to rational numbers only� see 
Rationals�� page 		� Failing to do

so is rewarded with an exception�

clp�q	 �� 
��A���B�C���� C�
���� A�B�

ERROR� not�normalized�
���	�

This is because 
��� is not a rational constant� To make clp�Q� happy you have to say�

clp�q	 �� 
��A���B�C���� C�rat�
��
	� A�B�

A � 
�
B � 
�
C � 
�

If you use 
��
� you don�t have to worry about such details� Alternatively� you may use the

automatic expansion facility� check 
Syntactic Sugar�� page ���

Feedback and Bindings

What was covered so far was how the user populates the constraint store� The other direction

of the information �ow consists of the success and failure of the above predicates and the binding

of variables to numerical values and the aliasing of variables� Example�

clp�r	 �� 
A�B�C�
�� C������

B � A�
C � 
���

The linear constraints imply A�B and the solver consequently exports this binding to the Prolog

world� which is manifest in the fact that the test A��B will succeed� More about answer presentation

in 
Projection�� page ���

Linearity and Nonlinear Residues

The clp�Q�R� system is restricted to deal with linear constraints because the decision algorithms

for general nonlinear constraints are prohibitively expensive to run� If you need this functionality

badly� you should look into symbolic algebra packages� Although the clp�Q�R� system cannot

solve nonlinear constraints� it will collect them faithfully in the hope that through the addition of

further �linear� constraints they might get simple enough to solve eventually� If an answer contains
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nonlinear constraints� you have to be aware of the fact that success is quali�ed modulo the existence

of a solution to the system of residual �nonlinear� constraints�

clp�r	 �� 
sin�X	 � cos�X	��

nonlin�
sin�X	�cos�X	�����

There are indeed in�nitely many solutions to this constraint �X � �������� � n�Pi�� but

clp�Q�R� has no direct means to �nd and represent them�

The systems goes through some lengths to recognize linear expressions as such� The method is

based on a normal form for multivariate polynomials� In addition� some simple isolation axioms�

that can be used in equality constraints� have been added� The current major limitation of the

method is that full polynomial division has not been implemented� Examples�

This is an example where the isolation axioms are su�cient to determine the value of X�

clp�r	 �� 
sin�cos�X		 � 
����

X � 
��
��������������

If we change the equation into an inequation� clp�Q�R� gives up�

clp�r	 �� 
sin�cos�X		 � 
����

nonlin�
sin�cos�X		���������

The following is easy again�

clp�r	 �� 
sin�X����	�sin���X	 � Y��

Y � 
��

And so is this�

clp�r	 �� 
�X�Y	��Y�X	�X � Y�Y�X�����


Y����������X�

An ancient symbol manipulation benchmark consists in rising the expression X�Y�Z�
 to the ��th

power�

clp�q	 �� 
exp�X�Y�Z�
�
�	����
nonlin�
Z�
��Z�
��
��Z�
��
���Z�
������Z�

�
����Z�
����������

��� polynomial continues for a few pages ���
���
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Computing its roots is another story�

HowNonlinear Residues are made to disappear

Binding variables that appear in nonlinear residues will reduce the complexity of the nonlinear

expressions and eventually results in linear expressions�

clp�q	 �� 
exp�X�Y�
��	 � ��X�X�Y�Y��

nonlin�
Y���X�����Y�X���X���
���

Equating X and Y collapses the expression completely and even determines the values of the two

variables�

clp�q	 �� 
exp�X�Y�
��	 � ��X�X�Y�Y�� X�Y�

X � �
���
Y � �
��

Isolation Axioms

These axioms are used to rewrite equations such that the variable to be solved for is moved to

the left hand side and the result of the evaluation of the right hand side can be assigned to the

variable� This allows� for example� to use the exponentiation operator for the computation of roots

and logarithms� see below�

A � B � C Residuates unless B or C is ground or A and B or C are ground�

A � B � C Residuates unless C is ground or A and B are ground�

X � min�Y�Z	

Residuates unless Y and Z are ground�

X � max�Y�Z	

Residuates unless Y and Z are ground�

X � abs�Y	

Residuates unless Y is ground�

X � pow�Y�Z	� X � exp�Y�Z	

Residuates unless any pair of two of the three variables is ground� Example�

clp�r	 �� 
 
��pow���X	 ��

X � �������������

���

clp�r	 �� 
 
��pow�X������	 ��
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X � 
�����������������

clp�r	 �� 
 X�pow��������	 ��

X � 
������

�
�������

X � sin�Y	

Residuates unless X or Y is ground� Example�

clp�r	 �� 
 
�� � sin�X	 ��

X � ������������������

X � cos�Y	

Residuates unless X or Y is ground�

X � tan�Y	

Residuates unless X or Y is ground�

Numerical Precision and Rationals

The fact that you can switch between clp�R� and clp�Q� should solve most of your numerical

problems regarding precision� Within clp�Q�� �oating point constants will be coerced into rational

numbers automatically� Transcendental functions will be approximated with rationals� The preci�

sion of the approximation is limited by the �oating point precision� These two provisions allow you

to switch between clp�R� and clp�Q� without having to change your programs�

What is to be kept in mind however is the fact that it may take quite big rationals to accommo�

date the required precision� High levels of precision are for example required if your linear program

is ill�conditioned� i�e�� in a full rank system the determinant of the coe�cient matrix is close to

zero� Another situation that may call for elevated levels of precision is when a linear optimization

problem requires exceedingly many pivot steps before the optimum is reached�

If your application approximates irrational numbers� you may be out of space particularly soon�

The following program implements N steps of Newton�s approximation for the square root function

at point 	�

 
 from file� library�!clpqr�examples�root!	
 
root�N� R	 ��
root�N� 
� R	�

root��� S� R	 �� "� S�R�
root�N� S� R	 ��
N
 is N�
�

 S
 � S�� � 
�S ��
root�N
� S
� R	�
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It is known that this approximation converges quadratically� which means that the number of correct

digits in the decimal expansion roughly doubles with each iteration� Therefore the numerator and

denominator of the rational approximation have to grow likewise�

clp�q	 �� use�module�library�!clpqr�examples�root!		�
clp�q	 �� root���R	�print�decimal�R���	�

��
��
����� ���������� 
��������� ������
��� ���������� ��
�������
��������
�

R � �������

clp�q	 �� root���R	�print�decimal�R���	�

��
��
����� ������
��� ���������� 
���
�

�� �����

��� ����������
�
��������

R � �������������

clp�q	 �� root���R	�print�decimal�R���	�

��
��
����� ���������� 
��������� �������
�� �
������
� ����������
������
���

R � �����
�����������
�������

clp�q	 �� root���R	�print�decimal�R���	�

��
��
����� ���������� 
��������� ���������� �
�������� ���
��
�
�

��

�����

R � 
�������������
��������
��



������������
�����

�

clp�q	 �� root���R	�print�decimal�R���	�

��
��
����� ���������� 
��������� ���������� �
�������� ����
�����
����������

R � ������

�������
�����������������
��
�
�������
�� �
���������������

�������
����������
��������
����

Iterating for � steps produces no further change in the �rst �� decimal digits of sqrt��	� After

�� steps the approximating rational number has a numerator and a denominator with �	�
� digits

each� and the next step runs out of memory�

Another irrational number that is easily computed is e� The following program implements an

alternating series for 
�e� where the absolute value of last term is an upper bound on the error�

 
 from file� library�!clpqr�examples�root!	
 
e�N� E	 ��

 Err ��� exp�
����N��		� Half ��� 
�� ��
inv�e�series�Half� Half� �� Err� Inv�E	�

 E ��� 
�Inv�E ��

inv�e�series�Term� S�� �� Err� Sum	 ��

 abs�Term	 �� Err �� "�
S� � Sum�
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inv�e�series�Term� S�� N� Err� Sum	 ��
N
 is N�
�

 Term
 ��� �Term�N� S
 ��� Term
�S� ��
inv�e�series�Term
� S
� N
� Err� Sum	�

The computation of the rational number E that approximates e up to at least ���� digits in

its decimal expansion requires the evaluation of 
�� terms of the series� i�e� 
�� calls of inv�e�

series���

clp�q	 �� e�
����E	�

E � �
���������������
���������������������������
����
�������������
���������������
�����
������
�������
������������
��
��������
��
�
�
���
�����������������������
������
�
��������
��������������
���������
���
�
���������
�����
����
������������������
�
������
��������
������������
������������������
��������
�������
���
��
����������������
������
���������
��

���
�����
����������������
�
�������������
�������������
������������������������
���������
�������������������������
����
�����������������������������
���
���������
������
�����������
����
������
����������
������������
�
�����
��������
���������
���
������������������������
�����
��
������������
�������

�����������������
������������
�����������
����
����������������������������

������
����������
�����������
�������
�
���
���������
������
��
��������
���������������������

���������

�������������������������
��������

�
�
������������
����������������������������������������������������������������
��������������������������������������
�
��������
���������
������
�������������
���
�����
�������������

����
����
������������������������������������������������

���

�������
������
������������������

���������������������
�������

��������������������������������
�
�����������������
���
������
��������������������������
�����������������������


������
����
�����������������������
���
��������������������
���������������
���
��������������
����������


��������
������������������
�
��
����

��������������������
�������������������������������������

���
����
��������������������������������������
��������

���
�
�����
��������������������������
��������
�������������
�����
��

���������������
�����������
�����������������������������
����

�������������������������������
�
��
�������
��
������
���������
����������
�������
�������������
��������
���������
�
����������
��
������
����������
�����������������
���
��
������������������
�����������������������������������
���������
���������
�������

����
�����

��
���������

���
��������

The decimal expansion itself looks like this�

clp�q	 �� e�
���� E	� print�decimal�E� 
���	�
��
�
���
���� ���������� ������
��� ���������� ���������� ����������
���������� ���������� ���
���
�� ���
������ �������
�� ���������

�
��
����� ���������� ���������� ���������
 ���������� ����������
���������
 ����
�
��
 
������
�� ������
��� ��
������� �
��������
��
������� ��������
� �����

��� ���������� ��
������� ����������
��
�����
� �������
�� 
��������� ���������� ���������� ����

����
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���������
 ���������� ���������� ����
�
�
� ������
��� ��
�
�����
������


� ���������� ���������� ���������� ���������� ����������
��
������� ��������
� ����
���
� ���������� ����
����� �������
��
������
��� ���������� ����
����� ���������� ���������� �������

�
��
���
��� ���
�
���� ��
������� ���������� ���������� ��

������
�������
�� ���
���
�� ��
���
��� ����

���� ��
�
��
�� ���
�����

�������
�� ���������� ���������� ���������� ���������� ��������
�
���
������ ���������� ���������� ��������
� ���������� �
��������
��������
� ��
���
��� ���
���
�� ���������
 �����
���� ��������
�
���������� ��
������
 ���������
 ���
������ 
��������
 �

�������

�
����
�� ���������� 
���
����� ����������

Projection and Redundancy Elimination

Once a derivation succeeds� the Prolog system presents the bindings for the variables in the

query� In a CLP system� the set of answer constraints is presented in analogy� A complication in

the CLP context are variables and associated constraints that were not mentioned in the query� A

motivating example is the familiar mortgage relation�

 
 from file� library�!clpqr�examples�mg!	
 
mg�P�T�I�B�MP	��



T � 
�
B � MP � P � �
 � I	

��
mg�P�T�I�B�MP	��



T � 
�
P
 � P � �
 � I	 � MP�
T
 � T � 


��
mg�P
� T
� I� B� MP	�

A sample query yields�

clp�r	 �� use�module�library�!clpqr�examples�mg!		�
clp�r	 �� mg�P�
�����
�B�Mp	�


B�
�
��������
�
�����P�
���������
�
������Mp�

Without projection of the answer constraints onto the query variables we would observe the

following interaction�

clp�r	 �� mg�P�
�����
�B�Mp	�


B�
���������
�
�������A�

��������
�
����
�P��

Mp� ���A	�
��
�P��

�B����
��A�
��
�P��
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�C������
��A������
�P��

�D��������
��������
��A��������������������P��

�E���
�
����
������
��A���
�
����
�P��

�F���
���
����
����
��A���
���
�����������P��

�G����
�����
���
��
��A����
�����
��������P��

�H����������������

��A�������������������P��

�I�����������������
��A������������������P��

�J�
������
���

�������A�������
���

�����P��

�K�

������������
�����A�
�������������
����P�

The variables A � � � K are not part of the query� they originate from the mortgage program

proper� Although the latter answer is equivalent to the former in terms of linear algebra� most

users would prefer the former�

Variable Ordering

In general� there are many ways to express the same linear relationship between variables�

clp�Q�R� does not care to distinguish between them� but the user might� The predicate

ordering��Spec	 gives you some control over the variable ordering� Suppose that instead of

B� you want Mp to be the de�ned variable�

clp�r	 �� mg�P�
�����
�B�Mp	�


B�
�
��������
�
�����P�
���������
�
������Mp�

This is achieved with�

clp�r	 �� mg�P�
�����
�B�Mp	� ordering��Mp�	�


Mp� �����������������
��B�����������������
�
�P�

One could go one step further and require P to appear before �to the left of� B in a addition�

clp�r	 �� mg�P�
�����
�B�Mp	� ordering��Mp�P�	�


Mp�����������������
�
�P�����������������
��B�

Spec in ordering��Spec	 is either a list of variables with the intended ordering� or of the

form A�B� The latter form means that A goes to the left of B� In fact� ordering��A�B�C�D�	 is

shorthand for�

ordering�A � B	� ordering�A � C	� ordering�A � D	�
ordering�B � C	� ordering�B � D	�
ordering�C � D	
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The ordering speci�cation only a�ects the �nal presentation of the constraints� For all other

operations of clp�Q�R�� the ordering is immaterial� Note that ordering�
 acts like a constraint�

you can put it anywhere in the computation� and you can submit multiple speci�cations�

clp�r	 �� ordering�B � Mp	� mg�P�
�����
�B�Mp	�


B� �
���������
�
������Mp�
�
��������
�
�����P�

yes
clp�r	 �� ordering�B � Mp	� mg�P�
�����
�B�Mp	� ordering�P � Mp	�


P���������������
����B�

���������������
�Mp�

Turning Answers into Terms

In meta�programming applications one needs to get a grip on the results computed by the

clp�Q�R� solver� The SISCtus Prolog predicate call�residue�� provides this functionality�

clp�r	 �� call�residue�
��A�B�C�
��C�D�E�A�
��� Constraints	�

Constraints � �
�A��
A�
�����
�B��
B�
��������A�C��
�D��
D�C�E�
�

Projecting Inequalities

As soon as linear inequations are involved� projection gets more demanding complexity wise�

The current clp�Q�R� version uses a Fourier�Motzkin algorithm for the projection of linear inequal�

ities� The choice of a suitable algorithm is somewhat dependent on the number of variables to be

eliminated� the total number of variables� and other factors� It is quite easy to produce problems

of moderate size where the elimination step takes some time� For example� when the dimension

of the projection is �� you might be better o� computing the supremum and the in�mum of the

remaining variable instead of eliminating n�
 variables via implicit projection�

In order to make answers as concise as possible� redundant constraints are removed by the

system as well� In the following set of inequalities� half of them are redundant�

 
 from file� library�!clpqr�examples�elimination!	
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example��� �X��X
�X��X��X��	 ��



����X� ����X
 ����X� ����X� ����X� �� ����
����X� �
��X
 ��
�X� ����X� ����X� �� ���
����X� ���X
 ����X� ����X� ����X� �� ����
����X� ����X
 ����X� ����X� ����X� �� ����
����X� �
��X
 ����X� ����X� ����X� �� ���
����X� ����X
 ����X� ����X� ����X� �� ����
����X� ���X
 ����X� ����X� ����X� �� ����
����X� �
��X
 ���X� ��
�X� ����X� �� ���
����X� ����X
 ��
�X� ����X� ����X� �� ��
����X� ����X
 �
�X� ����X� ����X� �� ��
�
��X� ����X
 ��
�X� ���X� ����X� �� ���
����X� ����X
 ����X� ��
�X� ����X� �� ���
��
�X� ����X
 �
��X� ����X� ����X� �� �
��
����X� ���X
 �
��X� ����X� ����X� �� ���
�
��X� ����X
 ����X� ����X� ����X� �� ���
���X� ����X
 ����X� ����X� ����X� �� 
��
����X� �

�X
 �
��X� �
��X� ��
�X� �� ���
����X� ����X
 ��
�X� �
�X� ����X� �� ���

��

Consequently� the answer consists of the system of nine non�redundant inequalities only�

clp�q	 �� use�module�library�!clpqr�examples�elimination!		�
clp�q	 �� example��� �X��X
�X��X��X��	�


X����
��X
�������X��X��������X��������

X��������X
��
����X��
����X��������X��������
��

X��������X
�
����X��������X������X����������

X�������X
�������X��
��
��X������X������
���

X����
��X
�������X������X��������X�����������

X������X
�������X��������X����
��X�����������

X��������X
��
����X��������X��������X���������

X������
�X
�
���
�X������
�X������
�X���
���
��

X�������X
�
�����X��������X��������X����������

The projection �the shadow� of this polyhedral set into the X��X
 space can be computed via

the implicit elimination of non�query variables�

clp�q	 �� example��� �X��X
���	�


X����
�����
��������X
�����

���
���������

X����������
������
�X
���
������
�
������
��

X��
�
���
�
�����X
��������������
��

X��
��
�
����������X
���

�

������������

X����
��������
���X
��������������
�

Projection is quite a powerful concept that leads to surprisingly terse executable speci�cations of

nontrivial problems like the computation of the convex hull from a set of points in an n�dimensional

space� Given the program
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 from file� library�!clpqr�examples�elimination!	
 
conv�hull�Points� Xs	 ��
lin�comb�Points� Lambdas� Zero� Xs	�
zero�Zero	�
polytope�Lambdas	�

polytope�Xs	 ��
positive�sum�Xs� 
	�

positive�sum���� Z	 �� 
Z����
positive�sum��X�Xs�� SumX	 ��

 X �� �� SumX � X�Sum ��
positive�sum�Xs� Sum	�

zero���	�
zero��Z�Zs�	 �� 
Z���� zero�Zs	�

lin�comb���� ��� S
� S
	�
lin�comb��Ps�Rest�� �K�Ks�� S
� S�	 ��
lin�comb�r�Ps� K� S
� S�	�
lin�comb�Rest� Ks� S�� S�	�

lin�comb�r���� �� ��� ��	�
lin�comb�r��P�Ps�� K� �S�Ss�� �Kps�Ss
�	 ��

 Kps � K�P�S ��
lin�comb�r�Ps� K� Ss� Ss
	�

we can post the following query�

clp�q	 �� conv�hull�� �
�
�� ������ ������ �
���� ����� �� �X�Y�	�


Y�����

X�
���Y�����

X��
��

Y�����

X�Y����

This answer is easily veri�ed graphically�

�

� � � �

�

�


 � �

�

�

� ��������������������


 � �
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The convex hull program directly corresponds to the mathematical de�nition of the convex

hull� What does the trick in operational terms is the implicit elimination of the Lambdas from

the program formulation� Please note that this program does not limit the number of points or

the dimension of the space they are from� Please note further that quanti�er elimination is a

computationally expensive operation and therefore this program is only useful as a benchmark for

the projector and not so for the intended purpose�

Why Disequations

A beautiful example of disequations at work is due to 
Colmerauer ���� It addresses the task of

tiling a rectangle with squares of all�di�erent� a priori unknown sizes� Here is a translation of the

original Prolog�III program to clp�Q�R��

 
 from file� library�!clpqr�examples�squares!	
 
filled�rectangle�A� C	 ��

 A �� 
 ��
distinct�squares�C	�
filled�zone���
�A�
�� �� C� ��	�

distinct�squares���	�
distinct�squares��B�C�	 ��

 B � � ��
outof�C� B	�
distinct�squares�C	�

outof���� �	�
outof��B
�C�� B	 ��

 B ��� B
 ��  ��� note disequation ���
outof�C� B	�

filled�zone��V�L�� �W�L�� C�� C�	 ��

 V�W�V �� � ��

filled�zone��V�L�� L�� �B�C�� C�	 ��

 V � � ��
placed�square�B� L� L
	�
filled�zone�L
� L�� C� C
	�

 Vb�V�B ��
filled�zone��Vb�B�L��� L�� C
� C�	�

placed�square�B� �H�H��H
�L�� L
	 ��

 B � H� H���� H��H�H
 ��
placed�square�B� �H��L�� L
	�

placed�square�B� �B�V�L�� �X�L�	 ��

 X�V�B ��

placed�square�B� �H�L�� �X�Y�L�	 ��

 B � H� X� �B� Y�H�B ��
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There are no tilings with less than nine squares except the trivial one where the rectangle equals

the only square� There are eight solutions for nine squares� Six further solutions are rotations of

the �rst two�

clp�q	 �� use�module�library�!clpqr�examples�squares!		�

clp�q	 �� filled�rectangle�A� Squares	�

A � 
�

Squares � �
� � #

A � ������

Squares � �
�������
��
��������
�����
��
������
������� � #

A � ����
�

Squares � �����
�����
�����
����
����
����
�����
����
�
���
�

Depending on your hardware� the above query may take a few minutes� Supplying the knowledge

about the minimal number of squares beforehand cuts the computation time by a factor of roughly

four�

clp�q	 �� length�Squares� �	� filled�rectangle�A� Squares	�

A � ������
Squares � �
�������
��
��������
�����
��
������
������� � #

A � ����
�
Squares � �����
�����
�����
����
����
����
�����
����
�
���
�

Syntactic Sugar

There is a package that transforms programs and queries from a eval�quote variant of clp�Q�R�

into corresponding programs and queries in a quote�eval variant� Before you use it� you need to

know that in an eval�quote language� all symbols are interpreted unless explicitly quoted� This

means that interpreted terms cannot be manipulated syntactically directly� Meta�programming in

a CLP context by de�nition manipulates interpreted terms� therefore you need quote�
 �just as in

LISP� and some means to put syntactical terms back to their interpreted life� 
��
�

In a quote�eval language� meta�programming is �pragmatically� simpler because everything is

implicitly quoted until explicitly evaluated� On the other hand� now object programming su�ers

from the dual inconvenience�

We chose to make our version of clp�Q�R� of the quote�eval type because this matches the

intended use of the already existing boolean solver of SICStus� In order to keep the users of the

eval�quote variant happy� we provide a source transformation package� It is activated via�
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� �� use�module�library�!clpqr�expand!		�

Loading the package puts you in a mode where the arithmetic functors like ���� ��� and all

numbers �functors of arity �� are interpreted semantically�

clp�r	 �� ����X�

X � ���

The package works by purifying programs and queries in the sense that all references to inter�

preted terms are made explicit� The above query is expanded prior to evaluation into�

linear�
��������X�

The same mechanism applies when interpreted terms are nested deeper�

some�predicate�
�� f�A�B��	� ��cos�A		

Expands into�

linear�
Xc�����cos�A	��
linear�
Xb�A�B����
linear�
Xa�
�����
some�predicate�Xa� f�Xb	� Xc	

This process also applies when �les are consulted or compiled� In fact� this is the only situation

where expansion can be applied with relative safety� To see this� consider what happens when

the toplevel evaluates the expansion� namely some calls to the clp�Q�R� solver� followed by the

call of the puri�ed query� As we learned in 
Feedback�� page �� the solver may bind variables�

which produces a goal with interpreted functors in it �numbers�� which leads to another stage of

expansion� and so on�

We recommend that you only turn on expansion temporarily while consulting or compiling �les

needing expansion with expand�� and noexpand���

Monash Examples

This collection of examples has been distributed with the Monash University Version of clp�R�


Heintze et al� ���� and its inclusion into this distribution was kindly permitted by Roland Yap�

In order to execute the examples� a small compatibility package has to be loaded �rst�

clp�r	 �� use�module�library�!clpqr�monash!		�
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Then� assuming you are using clp�R��

clp�r	 �� expand� �library�!clpqr�examples�monash�rkf��!	��
noexpand�

clp�r	 �� go�
Point ������� � ������� �������
Point ������� � ���
��� �������
Point 
������ � �����
� ���
���
Point 
������ � ���
���� �������
Point ������� � �������� �������
Point ������� � ����
��� �������
Point ������� � �
������ �������

Iteration finished
������������������
��� derivative evaluations

Compatibility Notes

The Monash examples have been written for clp�R�� Nevertheless� all but rkf�� complete nicely

in clp�Q�� With rkf��� clp�Q� runs out of memory� This is an instance of the problem discussed

in 
Numerical Precision�� page ��

The Monash University clp�R� interpreter features a dump�n predicate� It is used to print the

target variables according to the given ordering� Within this version of clp�Q�R�� the corresponding

functionality is provided via ordering�
� The di�erence is that ordering�
 does only specify the

ordering of the variables and no printing is performed� We think Prolog has enough predicates

to perform output already� You can still run the examples referring to dump�n from the Prolog

toplevel�

clp�r	 �� expand� �library�!clpqr�examples�monash�mortgage!	�� noexpand�

 go�
 
clp�r	 �� mg�P�
������
���MP	� dump��P�MP�	�


P������������
�����MP�

 go�
 
clp�r	 �� mg�P�
������
�B�MP	� dump��P�B�MP�	�


P���������������������B������������
�����MP�

 go�
 
clp�r	 �� mg����� �� Int� �� ���	� dump�

nonlin�
�B��B�Int��A������������
nonlin�
�A��A�Int������������
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�B�������������Int�

AMixed Integer Linear Optimization Example

In this section we are going to exercise our solver a little by the computation of a small mixed

integer optimization problem �MIP� from miplib� a collection of MIP models� housed at Rice

University� Here are the original comments on the example�

NAME� flugpl
ROWS� 
�
COLUMNS� 
�
INTEGER� 


NONZERO� ��
BEST SOLN� 
��
��� �opt	
LP SOLN� 

��
�����
SOURCE� Harvey M� Wagner

John W� Gregory �Cray Research	
E� Andrew Boyd �Rice University	

APPLICATION� airline model
COMMENTS� no integer variables are binary

 
 from file� library�!clpqr�examples�mip!	
 
example�flugpl� Obj� Vs� Ints� ��	 ��
Vs � � Anm
�Anm��Anm��Anm��Anm��Anm��

Stm
�Stm��Stm��Stm��Stm��Stm��
UE
�UE��UE��UE��UE��UE���

Ints � �Stm�� Stm�� Stm�� Stm�� Stm��
Anm�� Anm�� Anm�� Anm�� Anm�� Anm
��

Obj � �����Stm
 � 
����Anm
 � ���UE

� �����Stm� � 
����Anm� � ���UE�
� �����Stm� � 
����Anm� � ���UE�
� �����Stm� � 
����Anm� � ���UE�
� �����Stm� � 
����Anm� � ���UE�
� �����Stm� � 
����Anm� � ���UE��
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allpos�Vs	�

 Stm
 � ��� ����Stm
 �
�Anm
 �
�Stm� � ��

����Stm� �
�Anm� �
�Stm� � �� ����Stm� �
�Anm� �
�Stm� � ��
����Stm� �
�Anm� �
�Stm� � �� ����Stm� �
�Anm� �
�Stm� � ��

���Stm
 �
���Anm
 �
�UE
 �� �����

���Stm� �
���Anm� �
�UE� �� �����

���Stm� �
���Anm� �
�UE� �� �����

���Stm� �
���Anm� �
�UE� �� 
�����

���Stm� �
���Anm� �
�UE� �� �����

���Stm� �
���Anm� �
�UE� �� 
�����
����Stm
 �
�UE
 �� �� ����Stm� �
�UE� �� �� ����Stm� �
�UE� �� ��
����Stm� �
�UE� �� �� ����Stm� �
�UE� �� �� ����Stm� �
�UE� �� ��
Anm
 �� 
�� �� �� Stm�� Stm� �� ��� Anm� �� 
��
�� �� Stm�� Stm� �� ��� Anm� �� 
�� �� �� Stm��
Stm� �� ��� Anm� �� 
�� �� �� Stm�� Stm� �� ���
Anm� �� 
�� �� �� Stm�� Stm� �� ��� Anm� �� 
�

��

allpos���	�
allpos��X�Xs�	 �� 
X �� ��� allpos�Xs	�

We can �rst check whether the relaxed problem has indeed the quoted in�mum�

clp�r	 �� example�flugpl� Obj� �� �� �	� inf�Obj� Inf	�

Inf � 

��
�������������

Computing the in�mum under the additional constraints that Stm�� Stm�� Stm�� Stm�� Stm��

Anm�� Anm�� Anm�� Anm�� Anm�� Anm
 assume integer values at the in�mum is computationally harder�

but the query does not change much�

clp�r	 �� example�flugpl� Obj� �� Ints� �	� bb�inf�Ints� Obj� Inf	�

Inf � 
��
��������������

Implementation Architecture

The system consists roughly of the following components�

� A polynomial normal form expression simpli�cation mechanism�

� A solver for linear equations 
Holzbaur �	��

� A simplex algorithm to decide linear inequalities 
Holzbaur �
��

Fragments and Bits
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Rationals

The internal data structure for rational numbers is rat�Num�Den	� Den is always positive� i�e�

the sign of the rational number is the sign of Num� Further� Num and Den are relative prime� Note

that integer N looks like rat�N�
	 in this representation� You can control printing of terms with

portray�
�

Partial Evaluation� Compilation

Once one has a working solver� it is obvious and attractive to run the constraints in a clause

de�nition at read time or compile time and proceed with the answer constraints in place of the

original constraints� This gets you constant folding and in fact the full algebraic power of the solver

applied to the avoidance of computations at runtime� The mechanism to realize this idea is to

use call�residue�� for the expansion of 
��
 �see hunde�nedi 
De�nite�� page hunde�nedi� hook

predicate user�goal�expansion����

Asserting with Constraints

If you use the dynamic data base� the clauses you assert might have constraints on the variables

occurring in the clause� This works as expected�

clp�r	 �� 
A � 
��� assert�p�A		�


A�
����

yes
clp�r	 �� p�X	�


X�
����

Bugs

� The fuzzy comparison of �oats is the source for all sorts of weirdness� If a result in R surprises

you� try to run the program in Q before you send me a bug report�

� The projector for �oundered nonlinear relations keeps too many variables� Its output is rather

unreadable�

� Disequations are not projected properly�

� This list is probably incomplete�

Please send bug reports to �christian�ai�univie�ac�at��
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