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Abstract

A variational Bayesian autoregressive conditional heteroskedastic (VB-ARCH) model is pre-
sented. The ARCH class of models is one of the most popular for economic time series
modeling. It assumes that the variance of the time series is an autoregressive process. The
variational Bayesian approach results in an approximation to the full posterior distribution
over ARCH model parameters, and provides a method for model selection. A novel appli-
cation of Monte Carlo sampling is presented, wherein sampling is used to evaluate difficult
terms in the variational free energy. A description of the variational approximation is fol-
lowed by encouraging experimental results on model selection and volatility prediction on
synthetic and historical financial data.
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1 Introduction

Financial time series have unique statistical properties. Stock returns, exchange rates, stock indices, and
many other time series share traits such as: Zero or near zero mean; low or no autocorrelations; signifi-
cant autocorrelations of the absolute or squared values (called “volatility clustering”); and high kurtosis
in the marginal empirical distribution [Cont 2001]. Econometric models have been developed to model
these properties. One of the most widely used is the class of autoregressive conditional Heteroskedastic
(ARCH) models [Engle 1982].

The ARCH family was introduced to model the high kurtosis and volatility clustering properties
of financial time series. They model the mean and, more importantly, the variance of time series.
Accurately modeling variance (or volatility), is an extremely important problem in econometrics. Im-
portant applications include value at risk estimation, valuation of options, and modeling of exchange
rate volatility.

ARCH models has been studied both theoretically and empirically [Engle 1982; Bollerslev 1986;
Bera and Higgins 1993; Kaufmann and Frühwirth-Schnatter 2002]. Empirically, ARCH models have
been treated under a maximum likelihood framework [Engle 1982], and more recently under a Bayesian
framework [Kaufmann and Frühwirth-Schnatter 2002], with the help of Markov chain Monte Carlo
(MCMC) techniques. Under the Bayesian framework, uncertainty in model parameters is taken into
account by finding a posterior distribution over parameters, given the prior assumptions and evidence.

The variational Bayesian framework is an alternative to MCMC methods. Under the variational
Bayesian (VB) framework, it is assumed that the posterior distribution over model parameters and la-
tent variables takes on a particular restricted form. In some cases, the optimal functional form can then
been found directly by functional maximization [Attias 2000; Ghahramani and Beal 2000; Beal and
Ghahramani 2002; Penny and Roberts 2002]. In others, a particular form must be chosen a priori [At-
tias 1999]. Given the form of the approximate posterior, a lower bound on the log evidence of the data
can be computed. The lower bound is maximized with respect to the parameters of the variational ap-
proximation. Given the maximizing parameters, approximate predictive distributions can be calculated.
Model selection is also possible, by selecting the model which maximizes the lower bound.

Markov chain Monte Carlo techniques have the advantage that they will eventually draw a sample
from the true posterior distribution over models. They are also very generally applicable. New lower
bounds need not be derived for each model class, although proposal distributions and other aspects of
the sampler must be carefully considered.

In contrast, variational approximations produce biased estimates, because of the assumption of a
restricted class of posteriors. They can be technically complex to use, because new approximations are
needed for each new class of models. However, they can be fit quickly. This is particularly advanta-
geous in the econometrics domain, where many new time series models must be re-fit frequently. In
addition, variational approximations are deterministic, and convergence of the variational parameters
can be assessed by monitoring the lower bound on the log-evidence. The variational approximation pro-
vides a very compact representation of the posterior, in the form of the variational parameters. This is
useful when each sample is a large, complex model. Finally, the variational approximation can be used
as a principled proposal distribution for importance sampling, which can quickly generate an unbiased
estimate of the true predictive density; the Kullback-Leibler divergence between the approximate and
true posterior; and the true log-evidence [Ghahramani and Beal 2000].
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In this paper we present a variational Bayesian treatment of two ARCH models, normal-ARCH
and Student t-ARCH. ARCH models present particular difficulties under the VB framework, because
the autoregressive component appears in the noise model. In order to circumvent these difficulties,
we present a novel application of Monte Carlo sampling to compute expectations under the variational
approximation. We show that the variational Bayesian approximation allows us to select the true model
order, and make good predictions of future volatility. We show results on a synthetic test problem, and
on a “value-at-risk” problem using historical financial time series data.

2 Autoregressive Conditional Heteroskedastic Models

Consider a time series yt, t ∈ {1, ..., T} (denoted hereafter {yt}T
t=1). Under an ARCH model, the time

series is assumed to be generated according to the following dynamics:1

ht = a0 +
M∑

i=1

ai

1 + y2
t−i

yt = c0 +
K∑

i=1

ciyt−i +
εt√
ht

(1)

For a normal-ARCH model, the noise term εt is drawn from a zero-mean, unit variance Normal
distribution. For a t-ARCH model, the noise term is drawn from a zero-mean, unit variance Student-t
distribution with ν degrees of freedom. We will restrict ourselves to zero-mean ARCH models.

3 Variational Bayesian Modeling

Consider a class of models M(θ) parameterized by θ. Under a Bayesian framework, the posterior
distribution over models is found, given a prior distribution and the evidence:

P (θ|{yt}T
t=1) =

P (θ;M)P ({yt}T
t=1|θ;M)∫

�

θ
∂θ̂P (θ̂;M)P ({yt}T

t=1|θ̂;M)
(2)

We will drop the reference to the model class for brevity. With the posterior distribution in hand, we
can compute quantities of interest, such as the predictive distribution:

P (yT+1|{yt}T
t=1) =

∫

θ
∂θP (θ|{yt}T

t=1)P (yT+1|θ) (3)

as well as uncertainty on model parameters. Models fit under a Bayesian framework are inherently
robust against overfitting and tend to make more accurate predictions. Unfortunately, computation of
the posterior is intractable for many models of interest.

In order to overcome this limitation, we can assume that the posterior takes on some restricted
form Q(θ;φ) parameterized by φ. The approximation should be chosen so that expectations and other
quantities of interest can be computed. Given this assumption, the log-evidence is lower-bounded using

1We differ from the standard formulation of ARCH models in that ht is the precision rather than the variance of the noise
model. This is for mathematical convenience in the formulation of the variational approximation. The addition of 1 in the
denominator is to avoid numerical instabilities for near-zero data.
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Jensen’s inequality:

logP ({yt}T
t=1) = log

(∫

θ
∂θP ({yt}T

t=1|θ)P (θ)

)
(4)

= log

(∫

θ
∂θ
P ({yt}T

t=1|θ)P (θ)Q(θ;φ)

Q(θ;φ)

)
(5)

≥
∫

θ
∂θQ(θ;φ) log

(
P ({yt}T

t=1|θ)P (θ)

Q(θ;φ)

)
(6)

= logP ({yt}T
t=1) − KL(Q(θ;φ)‖P (θ|{yt}T

t=1)) (7)

Equation (6) is called the negative variational free energy, by analogy to the free energy of statistical
physics. The last line shows that the negative free energy lower bounds the log-evidence, with the
difference being the Kullback-Leibler divergence between the variational approximation and the true
posterior. To find the best approximation, the lower bound is maximized with respect to the variational
parameters. Given the variational approximation, we can compute approximate predictive distributions
and uncertainty on model parameters. By minimizing the free energy, we can also perform model
selection.

4 Variational Bayesian ARCH Models

Consider a zero-mean ARCH model (Eq.(1)). We want to integrate over the parameters ai. The priors
over parameters will be independent Gamma distributions: ai ∼ Ga(αi, β), i ∈ {0, ...,M}, where
Ga(α, β) denotes a Gamma distribution with shape parameter α > 0 and inverse scale β > 0:

Ga(x;α, β) =
βα

Γ(α)
xα−1e−βx (8)

In the above, Γ(·) denotes the gamma function.
The parameters are assumed independent in the approximate posterior. The approximate poste-

rior distribution over parameter i is assumed to be Gamma with shape parameter α̂i and inverse scale
parameter β̂.

P ({ai}M
i=1|y) ≈ Q({ai}M

i=1) = ΠiGa(α̂i, β̂) (9)

Note that all of the prior distributions share a single inverse scale parameter β, and all of the approx-
imate posterior distributions share a single inverse scale parameter β̂. We do this for simplicity, but it is
not strictly necessary. Gamma distributions were chosen throughout, because they are appropriate for
the positive precisions.

For the normal-ARCH model, the variational free energy (ignoring constants) is given by:

F = −
M∑

i=0

[
log

βαi

Γ(αi)
+ (αi − 1) 〈log ai〉Q − β 〈ai〉Q +H(Q(ai; α̂i, β̂))

]

−
T∑

t=1

1

2
〈log ht〉Q +

〈
y2

t ht

2

〉

Q

(10)

where 〈·〉Q denotes expectations with respect to the approximate posterior, andH(Q(ai; α̂i, β̂)) denotes
the entropy of parameter i:

H(Q(ai; α̂i, β̂)) = log Γ(α̂i) − log β̂ + (1 − α̂i)ψ(α̂i) + α̂i (11)

In the above, ψ(·) denotes the digamma function ψ(x) = ∂
∂x log Γ(x).
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In order to evaluate the variational free energy, we need the following expectations [Beal 2002]:

〈ai〉Q = α̂i/β̂

〈log ai〉Q = ψ(α̂i) − log β̂
〈

1

2
y2

t

(
a0 +

∑

i

ai/(1 + y2
t−i)

)〉

Q

=
1

2
y2

t

(
α̂0/β̂ +

∑

i

α̂i/[β̂(1 + y2
t−i)]

)

We must still deal with the final expectation,
〈
log
(
a0 +

∑
i ai/(1 + y2

t−i)
)〉

Q
. Under the approx-

imate posterior, each term is Gamma distributed: a0 ∼ Ga(α̂0, β̂), ai ∼ Ga(α̂i, β̂(1 + y2
t−i)). The

latter is problematic, because the sum of Gamma variables remains Gamma only when they share the
same (inverse) scale parameter. In our case, the scales change because of the multiplier (1 + y2

t−i). The
resulting distribution does not have a simple closed form.

The t-ARCH model is similar, but with a likelihood from a zero-mean Student-t distribution with ν
degrees of freedom:

tν(yt;ht) =
Γ((ν + 1)/2)

√
ht

Γ(ν/2)
√
νπ

(
1 +

y2
t ht

ν

)
−(ν+1)/2

(12)

where ht is the precision.
The variational free energy is given by:

F = −
M∑

i=0

[
log

βα
i

Γ(αi)
+ (αi − 1) 〈log ai〉Q − β 〈ai〉Q +H(Q(ai; α̂i, β̂))

]

−
T∑

t=1

[
1

2
〈log ht〉Q −

〈
ν + 1

2
log

(
1 +

1

ν
y2

t ht

)〉

Q

]
(13)

Again, there are problematic terms in the likelihood:
〈
log
(
a0 +

∑
i ai/(1 + y2

t−i)
)〉

Q
and〈

log
(
1 + (y2

t /ν) ·
(
a0 +

∑
i ai/(1 + y2

t−i)
))〉

Q
. It may be possible to find analytic lower bounds for

these terms. Instead we will evaluate these terms numerically using simple Monte Carlo sampling.
It is not new to combine variational methods with sampling. Variational approximations have been

used as proposal distributions for importance sampling [Ghahramani and Beal 2000], and for sophis-
ticated Markov chain Monte Carlo techniques [de Freitas, Højen-Sørensen, Jordan, and Russell 2001].
Here we do the opposite, using simple Monte Carlo approximations to estimate the expectations of
difficult terms in the variational free energy. This is very straightforward, because we assume that the
posterior is the product of independent, standard distributions (in this case Gamma distributions).

Consider an expectation 〈f(a0, ..., aM)〉Q which cannot be evaluated analytically. Generating a set

of R samples {âj
0, ..., â

j
M}R

j=1 from the approximate posterior (for a given setting of the parameters),

we approximate the expectation with
∑R

j=1 f(âj
0, ..., â

j
M)/R.

Note that we are not sampling from the true posterior, but from the approximate posterior for some
setting of the variational parameters. This makes the sampling very straightforward. Because we assume
the posteriors are standard distributions, we can use highly optimized sampling routines. Because we as-
sume that the parameters are independent in the posterior, the sampling is done only in low-dimensional
spaces.

By using Monte Carlo sampling in this way, we retain many of the attractive properties of the VB
framework: convergence of the variational parameters can still be easily monitored, and the result is a
compact representation of the approximate posterior. We also inherit one of the features of Monte Carlo
techniques: The approximation becomes very straightforward, with no need to derive and evaluate new
bounds for every problematic term in the variational free energy. In addition, this method makes it
possible to apply the VB framework to models for which deriving suitable analytic bounds may not be
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possible. The free energy will not be deterministic, although with a large enough sample the difference
will be minimal. Again, because we only sample from low-dimensional standard distributions, the loss
in speed is small.

5 Experimental Results

5.1 Synthetic Data

First, we tested each variational Bayesian ARCH model on synthetic data generated from the same type
(normal or Student-t) of ARCH model. The purpose here is to see if the variational free energy can
be used to determine the model order, on data for which we know the true model order. Model order
Ntrue = 3, and coefficients {a0, ..., a3} = {0.1, 0.5, 0.2, 0.1} were used for both normal-ARCH and
t-ARCH models. Each test run consisted of first generating 512 data points from the model, and then
fitting a VB model of order N to the data. Fifty test runs were executed for each model type, for values
N = {0, 1, 2, 3, 4, 5, 6}. The priors were set to αi = β = 1. For the t-ARCH model, the degrees of
freedom was ν = 5. The variational parameters were optimized using a constrained Newton’s method.2

Fitting a model took between a few seconds and approximately five minutes, depending on model order,
on an Intel Pentium 1GHz processor.

Figure 1 shows the negative free energy as a function of model order for each model type. For both,
the free energy is maximized at N = 3. For this set of experiments, the variational free energy correctly
indicates the true model order.
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Figure 1: Negative free energy as a function of model order. Both (a) the normal-ARCH and (b) the
t-ARCH maximize the free energy at N̂ = 3, which is the true model order.

a) b)

Figure 2 shows a plot of the true coefficients and the variational approximate posterior for one run
of each of the two model types.

5.2 Value at Risk

Value at Risk (VaR) estimation is an important problem in econometrics. Financial institutions such as
banks are required by law to retain a certain portion of their assets to set against possible investment
losses. To do this, banks must compute the maximum value that they might lose on their investments,
over a given time window τ , within a given confidence interval ε. For example, the Basel Capital Accord
[Basel Committee on Banking Supervision 2003] dictates the capital reserves which European banks
must keep on hand, as a function of the banks’ internal VaR models. If the bank can accurately estimate
its VaR, and thus its minimal capital requirements, capital is available to be invested. Overestimating
VaR results in opportunity costs, since too much capital is held in reserve. Because of the many different

2All experiments were implemented in Matlab. The builtin Matlab constrained function minimizer fmincon was used.
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Figure 2: True parameters, priors and posteriors for (a) the normal-ARCH (left column) and (b) the
t-ARCH (right column) models. The parameters are shown {a3, a2, a1, a0} from top to bottom. The
dashed line shows the prior, and the solid line shows the variational posterior. The vertical line is the
true parameter value. In general, the t-ARCH model has greater parameter uncertainty, although the
true model order can still be inferred.

a) b)

investments made by the bank, and the high-frequency of financial data, many VaR models must be fit
in a short period of time.

Given the value of an investment pt at time t, the value at risk is defined as the value V where:

P (pt+τ − pt ≤ −V ) ≤ 1 − ε (14)

In words, the probability that the investor will lose more than V over the next τ time periods is less than
1 − ε. Typically, ε is set to 0.95 or 0.99, and τ is on the order of 10 business days.

The ARCH family of models has been widely used for VaR estimation. Given a model of volatility,
and assuming that the investment has zero mean return over the window of interest, we can predict the
VaR by computing the variance and ε confidence intervals at time t+ τ . Given a posterior distribution
over model parameters, we can compute the expected VaR.

We used the daily closing price of the Dow Jones industrial index to test the VB ARCH models on
VaR estimation. Given the daily closes pt from to February 11, 1983 to May 14, 2002, we computed
the scaled daily log-returns as:

rt = 100 ∗ log(pt/pt−1) (15)

This resulted in a time series of 4860 points. We then subdivided this into a training set of 3645 points
and a test set of 1215 points.

Normal-ARCH and t-ARCH models were fit to the training set for each model order from N =
0, ..., 20. By monitoring the negative free energy, it was found that the optimal model order for the
normal-ARCH was N = 12, and for the t-ARCH was N = 18. The variational parameters were
optimized using Newton’s method. In all cases, the priors were αi = β = 1, and for the t-ARCH
model, ν = 5.

Figure 3 shows the average absolute error between the absolute returns and the predicted volatil-
ity at the 95% confidence value, for the two models at their optimal model order. We also show the
error of the same models where the parameters were found using maximum likelihood with a model
order selected by the Bayesian Information Criterion [Schwartz 1978]; and where the distribution over
model parameters was found by drawing 1000 samples using importance sampling with the variational
posterior as a proposal distribution.

For t-ARCH, the variational Bayesian model does as well as the importance sampled model, and
both do significantly better than the maximum likelihood model. Note that the maximum likelihood
model also had the advantage of being fit at the optimal model order, according to the variational free
energy. For the Normal-ARCH models, there is no significant difference between the three models.
The normal models do significantly worse than the t-ARCH models. Significance was tested using a
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Figure 3: Model performance on
predicting the volatility of the Dow
Jones industrial average. Average
error per time step and 95% confi-
dence intervals are shown. Smaller
error is better. The models are
labeled as: N==normal-ARCH,
T=t-ARCH; ML==maximum like-
lihood, VB==variational Bayes;
IS==importance sampling.

non-parametric Kruskal-Wallis test. Because the test assumes that the samples are independent, we first
subsampled the errors at an interval of 20 to remove autocorrelations.

6 Discussion

In our tests, the normal-ARCH model did not benefit greatly from the Bayesian treatment. In contrast,
the VB-t-ARCH performed significantly better than the maximum likelihood version. The overall supe-
rior performance of the t-ARCH over normal-ARCH models is consistent with other studies of ARCH
models on financial data. In general, the t-ARCH model seems to be more problematic to fit, with larger
parameter uncertainty. This may explain the better performance of the Bayesian versions over the ML
version.
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